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The Distribution Function of Internal Displacement 
Coordinates in Linear XY2 Molecules* 

By Yonezo MORINO and Takao IIJIMA 

(Received November 10, 1962)

Since the motion of atoms in a molecule is 
dependent on the interatomic force field, it 
must be of great help for understanding the 

physical significance of the potential field to
consider the probability distribution function of 
the interatomic displacements. The calculation 
of the probability function is simple for a di-
atomic molecule which is treated as a one-
dimensional oscillator. In this case the distri-
bution of the interatomic displacements is 
described by a Gaussian function, if the inter-
atomic potential is assumed to be a simple 
harmonic one. The effect of the cubic potential
constant would be illustrated by resulting 
asymmetry of the distribution curve. In this 
work the distribution function is calculated for 
linear XY2 molecules, and a schematical inter-
pretation of intramolecular motion is presented
by means of a distribution map. Numerical 
computation of the distribution map is carried 
out for carbon dioxide and carbon disulfide.

The Probability Distribution Function 

The probability distribution function is given 

in a straight-forward manner by the vibrational

wave functions expressed in terms of the nor-

mal coordinates.

(1)

where wv is the normalized Boltzmann factor 

of the v-th vibrational state**. The vibrational 

Hamiltonian of a linear XY2 molecule consist-

ing of the zeroth- and the first-order terms, is

(2)

where H(0) stands for the terms of the kinetic 

energy and the harmonic potential energy, 

while H(1) is given by

(3)

The first term of H(1) is the cubic part of the
potential function and the second term is the 
energy decrease due to the centrifugal stretch-
ing, where <Erot> is the mean rotational energy
of the molecule1). The quartic and higher-
order terms of the potential function are 
ignored in the present treatment. The coordi-
nates q's are dimensionless normal coordinates.

* A preliminary report of this work was presented at 

the International Conference on Magnetism and Crystal-

lography, Kyoto, 1961.

** A set of quantum numbers designating the vibrational 

state is symbolically expressed by a single letter v. 
1) Y. Morino and E. Hirota, This Bulletin, 31, 423 

(1958).
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The subscript 1 corresponds to the totally sym-

metric vibration, 2a and 2b to the doubly 

degenerate, and 3 to the antisymmetric vibra-

tion, respectively.

The wave functionψv is obtained by the first-

order perturbation theory according to the

equation

(4)

as a linear combination of the zeroth-order

wave functions ψ0v. All non-vanishing coef-

ficients of  ψ0v are calculated as shown in Ap-

pendix I, by substituting Eq.3 for H(1). By

the use of Eq.4, Eq.1is rewritten as

(5)

Since there hold the relations

and

every term of Eq. 5 can be calculated as a 

product of the summations over single vibra-
tional quantum number. It should be men-

tioned that this type of calculation was per-

formed by Reitan in his thesis2), although his 

method of calculation seems to be a little 

more tedious than that of the present work. 

The essential part of the calculation is reported 

in Appendix II. 

As the result of the calculation, we have

(6)

with the following expressions for the coef-

ficients ;

(7a)

(7b)

(7c)

(7d)

and

(7e)

where b, is designated by Eq. 9, and f11 is 
the force constant for the symmetric stretching
vibration.
Because of the accidental degeneracy of ω1

and 2ω2, the second term of Eq.7e would fail

to be a good approximation. It will, however, 

be shown in Appendix III that the same ex-

pression can be used without any serious error 
even in the case of strong degeneracy. 

 The distribution function in terms of the 

normal coordinates is converted to the expres-

sion in terms of ⊿z1>⊿z2 and ⊿ ρ, the internal

Cartesian displacements;⊿z denotes the rela-

five displacements of the atom X to Y along

the molecular axis and ⊿ ρis the relative dis-

placement perpendicular to the axis. ⊿ ρ2 is

sometimes written as ⊿x2+⊿y2. The displace-

ments of the two X-Y atom-pairs are designated

by⊿z1 and ⊿z2, respectively.

These internal coordinates are related to the 

normal coordinates by the following relations,

(8a) 

(8b)

and

(8c)

The coefficients b's are given by

9a)

and

(9c)

where ux and μx are the reciprocal masses of

the atom X and Y, respectively.

By these relations together with the follow-

ings,

(10a) 

(10b)

where φ is the azimuthal angle, the prob-

ability distribution function P(q1, q2a, q2b, q3)

is transformed to the expression in terms of

⊿z,,⊿z2, ⊿p and φ, as
2) A. Reitan, thesis, Institutt for Teoretiske Kjemi, 

Norges Tekniske Hogskole (1958).
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(11)

In order to obtain a two-dimensional proba-

bility function P(⊿z, ⊿ ρ), Eq.11 is integrated

over ψ and over either one of ⊿z, and ⊿z2.

The calculation leads to the following result;

(12)

where

(13a)

(13b)

(13c)

and

(13d)

(13e)
It is noted that P(⊿z, ⊿ ρ)describes the rela-

tive motion of the end atom Y to the central

atom X, the coordinate axes ⊿z and ⊿ ρ being

fixed on the rotating plane defined by the

triangle Y-X-Y.

The Probability Distribution Function of the 

Interatomic Distances rxy and ryy

The distribution function P(⊿z, ⊿ ρ)given

by Eq.12 is further transformed to a one-

dimensional distribution function in terms of

Fig. la. CO2
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Fig.1 Calculated values of the distribution function P(⊿z, ⊿ ρ).

the instantaneous displacement of the inter-

atomic distance δrxY In this case, the trans-

formation is not linear but it is given by

(14)

to the first-order of approximation. The cal-

culation leads to the result

(15)
where A's are defined by Eq. 13's. 

It is seen that asymmetry is introduced into 

the Gaussian function by linear and cubic

terms of δr The P(r)function is important

in the study of electron diffraction by gaseous

molecules, because it is closely connected with

the molecular intensity curve and the radial 

distribution curve obtained by the diffraction 

study3). The empirical asymmetric parameters

determined by the analysis of the radial dis-

tribution curve will be related to the spectro-

scopic force constants through this equation. 

It is accordingly expected that better interpreta-

tion of the radial function will be attainable 

on the basis of intramolecular force field. 

 The distribution function for the Y-Y di-

stance is calculated more simply, because the 

transformation is linear as shown below ;

(16)

The P(ryy) is therefore obtained from Eq. 6 
through integration over q2a, q2b and q3, as

(17)

with

3) K. Kuchitsu and L. S. Bartell, J. Chem. Phys., 35, 
1945 (1961).
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and

Numerical Examples : CO2 and CS2

The probability distribution function P(⊿z,

⊿ρ) was numerically calculated for carbon

dioxide and for carbon disulfide, respectively.

The molecular constants used in the calcula-

tion are listed in Table I, together with the 

TABLE I. MOLECULAR CONSTANTS OF

a) C. P. Courtoy, Ann. Soc. Sci. Bruxelles, I 
73, 5 (1959). 

b) B. P. Stoicheff, Can. J. Phys., 36, 218 (1958). 
c) A. H. Guenther, T. A. Wiggins and D. H. 

Rank, J. Chem. Phys., 28, 682 (1958).

cubic potential constants k and the linear and

cubic coefficients A  of P(⊿z, ⊿ ρ) obtained.

The schematic diagrams of P(⊿z, ⊿ ρ)are com-

puted with an arbitrary normalizing-factor and

arranged in rows so as to make correspondence

to the point specified by the coordinates ⊿z,

⊿p), as seen in Figs. la and lb. The contour

lines are drawn on the diagrams, and the dis-

tribution maps thus obtained are shown in Fig. 

2a for CO2 and in Fig. 2b for CS2, respectively. 

These maps illustrate the relative motion of 

the end atom Y to the central atom X. The

⊿z axis lies on the equilibrium molecular axis.

The point specified by ⊿z=O and ⊿ ρ=O is the

equilibrium position of the Y atom. The

location of the atom X is far down out ofthe

figures in the negative direction, specified by

⊿z=-re and ⊿ ρ=0.

It is easily seen in the diagrams of P(⊿z, ⊿ ρ)

that in the region of small dp, the outer

region of ⊿z is more favorable, and the inner

region of ⊿z becomes more favorable as ⊿ ρ

increases. This is caused by the negative con-

Fig. 2a. CO2

Fig. 2b. CS2

Fig. 2. Contour map of the probability-distri-
 bution. 

-- shows the ridge 
- - - is the circular locus drawn by keeping 

the X-Y distance constant

tribution of the coupling term between bending 

and stretching, or A122, to the distribution 

function. This general tendency of the proba-

bility distribution corresponds to a classical 

picture of the bending motion that the two 
X-Y bonds are bent at the central atom and 

the end atom Y moves along a circular locus 

which is slightly shifted outwards by the 

stretching anharmonicity. 

It may be accordingly suggested that the 

intramolecular potential can be described better
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and more simply in terms of internal coordi-

nates, i. e., the bond-stretching Sr and the

bending angle δρ, rather than in terms of

Cartesian coordinates. The force constants for 

the expression of the potential energy in terms

of the internal coordinates are expected to 

have more distinct physical significance and 

therefore to be transferable among the chemical

bonds of the same kind. An extensive study 

on the anharmonic force constants has been 

carried out along this line, and it was found 

that the most part of the constant k122 comes 

from the quadratic stretching force constants 

through coordinate transformation4). 

A more careful examination of the distri-

bution map reveals that according as ⊿ ρ in-

creases, the ridge in the map runs more and 

more outwards than the circular locus which 

is drawn by keeping the X-Y distance constant. 

In other words, it is easier for a bond to 

stretch when the bending motion takes place.

Such an interaction term as L3δrδ α2 with a

negative value of L3, is therefore expected 
to improve the description of the intramolec-
ular potential field. As a matter of fact, the 
predicted value of k122 was found to be in 
complete agreement with the observed value 
by introducing L3=-0.5 md./A for CO2, in 
addition to the main contribution from the 
quadratic streOtching constants; while a smaller 
value L3=-0.1 md./A is necessary to get the 
agreement for CS24), corresponding to the fact 
that the extent of the outward shift is seen 
to be more appreciable in the case of CO2 
than CS2.

The authors wish to express their gratitude 

to Professor Hidetoshi Takahashi and his 

coworkers, in the Department of Physics, for 

the use of PC-2 computer. They are indebted 

to the Ministry of Education of Japan for the 

research grant.
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Appendix I. Non-vanishing Coefficients of Eq. 4

Appendix II. Calculation of the Summation 

over Vibrational States

It is easily shown that the summations over vib-
rational states appearing in Eq. 5 can be reduced 
to the products of some of the following summa-

tions :

where ψv0 is a non-perturbed wave function of a

harmonic oscillator with the vibrational quantum

number v.

As well known Fo is given by5,6)

By the use of the recursion formula.

F1 is rewritten as,

4) K. Kuchitsu, T. Iijima and Y. Morino, International 
Symposium on Molecular Structure and Spectroscopy, 
Tokyo, Japan, 1962.

5) F. Bloch, Z. Phys., 73, 295 (1932). 
6) Series of Modern Physics; "Statistical Mechanics", 

Iwanami Co., Ltd., Tokyo (1955), p. 212.
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where

Therefore we have,

(AII-2)

Similarly,

Therefore,

(AII-3)

where

(AII-4)

Inserting Eqs. AII-2 and AII-4 into AII-3, we have,

and

Appendix III. The Effect of Fermi Resonance 

on the Probability Distribution Function

In order to simplify the discussion, let us con-
sider a resonance between state I (v1=1, v2=0) 
and state II (v1=0, v2=2), connected by a coupling 
term hck122q1q22, and calculate the probability distri-
bution function P=w1|ψI|2+w2 |ψII|2, both by an

ordinary first-order perturbation treatment and
more rigorously by solving the secular determinant. 

As the result of the first-order treatment, we have 

the perturbed wave functions as

and

where

These wave functions are expressed more simply as

and

where ψ(1) includes all terms except for the term

having a resonance denominator.

Accordingly we have,

On the other hand, in a rigorous treatment, we

consider the wave functions ψ2 and ψII to be ex-

Dressed as

by the linear combinations of ψ10(1)and ψ02(1)which

include contributions from non-resonant states as

defined above. The secular determinant is esta-

blished as*,

As a solution of the determinant, we have,

* This secular determinant is not correct for the case

of linear XYz type molecules, because the ω2 normal

vibration is doubly degenerate. By denotin8 two degeno-

rate modes as ω2a and.ω2a, we have to diagonalyse the

energy matrix consisting of the elements among three 
states, (v1=1, v2a=0, v2b=0), (v1=0, V2a=2, V2b=0) and 
(v1=0, v2a=0, v2b=2), where the perturbation term is 
hck122q1(q2a2+q2b2). 

The secular determinant is.

Therefore we have,

where

and

with
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where

and

The probability distribution function is rewritten 
as

The term can be replaced by w10, since 

and a2+b2=1. Similarly we have 

In the third term, can 
be approximated by Thus we have

(AIII-2)

The zeroth-order term
equal to the corresponding expression in Eq. AIII-1. 

In the case of weak resonance, i. e.,

we have

which is equivalent to the resonance-term of Eq. 

AIII-1.
In the case of strong degeneracy, i. e.,

because,

and

where On the other hand, the resonance

term of Eq. AIII-1 yields in the limit of δ0,

which is equal to Eq. AIII-3. This result seems

to make sure the validity of Eq. AIII-1 even in
the case of strong degeneracy. 

The ratio of the resonance-term of Eq. AIII-1 to 
that of Eq. AIII-2 is evaluated at several values of 

6, in the case of k122=50 cm-1. As shown in Table 
II, no appreciable discrepancy is found between the 
numerical values of the two expressions throughout
the whole region of δ. Therefore, it seems most

likely that the probability distribution function ob-
tained in this article holds to a good approximation 

even in the case of an accidental degeneracy, 
although complicated manipulation of the summa-
tion over upper vibrational states have not been 

performed in this supplementary note.

TABLE II. RATIO OF THE RESONANCE TERMS 

CALCULATED BY THE TWO METHODS


