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The Distribution Function of Internal Displacement
Coordinates in Linear XY, Molecules*

By Yonezo MoriNO and Takao IirimMa

(Received November 10, 1962)

Since the motion of atoms in a molecule is
dependent on the interatomic force field, it
must be of great help for understanding the
physical significance of the potential field to
consider the probability distribution function of
the interatomic displacements. The calculation
of the probability function is simple for a di-
atomic molecule which is treated as a one-
dimensional oscillator. In this case the distri-
bution of the interatomic displacements is
described by a Gaussian function, if the inter-
atomic potential is assumed to be a simple
harmonic one. The effect of the cubic potential
constant would be illustrated by resulting
asymmetry of the distribution curve. In this
work the distribution function is calculated for
linear XY. molecules, and a schematical inter-
pretation of intramolecular motion is presented
by means of a distribution map. Numerical
computation of the distribution map is carried
out for carbon dioxide and carbon disulfide.

The Probability Distribution Function

The probability distribution function is given
in a straight-forward manner by the vibrational

* A preliminary report of this work was presented at
the International Conference on Magnetism and Crystal-
lography, Kyoto, 1961.

wave functions expressed in terms of the nor-
mal coordinates,

P= ? Wu‘zbv*‘pv (1)

where w, is the normalized Boltzmann factor
of the v-th vibrational state**. The vibrational
Hamiltonian of a linear XY; molecule consist-
ing of the zeroth- and the first-order terms, is

H=H®4 H® )

where H stands for the terms of the kinetic
energy and the harmonic potential energy,
while H? is given by

HW=he [king® + ki22q1(g2a° + q26%) + k133q195%)

() B 3)

wlcanl

The first term of H is the cubic part of the
potential function and the second term is the
energy decrease due to the centrifugal stretch-
ing, where {E;o;» is the mean rotational energy
of the molecule’. The quartic and higher-
order terms of the potential function are
ignored in the present treatment. The coordi-
nates g’s are dimensionless normal coordinates.

** A set of quantum numbers designating the vibrational
state is symbolically expressed by a single letter v.

1) Y. Morino and E. Hirota, This Bulletin, 31, 423
(1958).
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The subscript 1 corresponds to the totally sym-
metric vibration, 2a and 2b to the doubly
degenerate, and 3 to the antisymmetric vibra-
tion, respectively.

The wave function ¢, is obtained by the first-
order perturbation theory according to the
equation
o' [HO v)

T P o T N B |
e ey T e )

as a linear combination of the zeroth-order
wave functions ¢,°. All non-vanishing coef-
ficients of ¢," are calculated as shown in Ap-
pendix I, by substituting Eq. 3 for H. By
the use of Eq. 4, Eq. 1 is rewritten as

P(qli qzas q2b, Q’3) - Ewuﬁbvo*ﬂbuo

' 1
_ ?W'J%:_(_EJ’E%Z (PoP¥ D0+ b, %)
(%)

Since there hold the relations
55,,":11'5{;‘,‘9(48)’ s=1, 2a, 2b and 3
5

and
hcws
— lz X L x vs’(z = (_._._. _))
wo= L /20" (1e= exp — 7 p

every term of Eq. 5 can be calculated as a
product of the summations over single vibra-
tional quantum number. It should be men-
tioned that this type of calculation was per-
formed by Reitan in his thesis®, although his
method of calculation seems to be a little
more tedious than that of the present work.
The essential part of the calculation is reported
in Appendix II.
As the result of the calculation, we have

P(q1, q2a, q2v, g3) = N[1 + a1q1 + a111g:®
+a12:1(g2a* + q26°) + a1339:195%]

- .q.'z_ _ qu_ﬂiﬂbz.) - q:‘ih| (6)

X ex ’-
P T; |

LT T,

with the following expressions for the coef-
ficients ;

2k (1—11 )2
ay=—""{ =L
o3 14+ %

4k12?(02?‘122+
o (1+2) (1=22) (1+X2)

k133037133 ™" 2{Eror)
o1 (1+2)(1—%3) (1+2%3) T fuire
(7a)
_ 2
= — 2k (1— %) (14104, + %12) (7b)

3o1(1+2%1)°

2) A. Reitan, thesis, Institutt for Teoretiske Kjemi,
Norges Tekniske Hegskole (1958).

Internal Displacement Coordinates in Linear XY: Molecules 413

ez = — g%m _{___275__2_(1_—_ X l”)"—?’lzz'}
A+2)(A+2%2)0 w1

(7c)

P 2&@5____“{ 213(1::xllu_r”3-}
(1+ %) (1+2%3)2 )

(7d)

and

- ey TR

e

where b, is designated by Eq. 9, and fu is
the force constant for the symmetric stretching
vibration.

Because of the accidental degeneracy of
and 2w., the second term of Eq. 7e would fail
to be a good approximation. It will, however,
be shown in Appendix III that the same ex-
pression can be used without any serious error
even in the case of strong degeneracy.

The distribution function in terms of the
normal coordinates is converted to the expres-
sion in terms of 4z, 4z, and 4p, the internal
Cartesian displacements; 4z denotes the rela-
tive displacements of the atom X to Y along
the molecular axis and Jp is the relative dis-
placement perpendicular to the axis. 4p? is
sometimes written as Jx?+4y®. The displace-
ments of the two X—Y atom-pairs are designated
by 4z; and 4z, respectively.

These internal coordinates are related to the
normal coordinates by the following relations,

4z, =b1g1+bgs (8a)
dz,=b1g1— bsgs (8b)
and
4p2=b:(q2a*+g20") (8¢c)
The coefficients b’s are given by
L \1/2
blz(— "-i‘-‘—) (%)
8xcan
h 12
b3=[——:*—_(pv+-2#x)l (9b)
8nlcws J
and
b22= gzzwz" (,Uy"i‘zﬁx) (90)

where #x and gy are the reciprocal masses of
the atom X and Y, respectively.

By these relations together with the follow-
ings,
(10a)

(10b)

where ¢ is the azimuthal angle, the prob-
ability distribution function P(gi, gza, ¢28, 43)
is transformed to the expression in terms of
Az, 4z;, dp and o, as

gza=b"'/?4p cos ¢
g ="bn"1*dpsin ¢



414
P(dzy, dz,, dp, ?):N[_l—i—z_bl(dzi'l"dzz)
+ (2;”)3 (dz,+ dz,)% + 221;:22 Jp*(dz+ 12,)
2, (;; ye (421 42) (42~ azz)z]
X dp exp [_ b‘::’;z _ (.i;:)f;i)z

In order to obtain a two-dimensional proba-
bility function P(dz, 4p), Eq. 11 is integrated
over ¢ and over either one of 4z; and 4z.
The calculation leads to the following result;

P(dz, 4p) =N'[1+ 4142+ 411142+ A122424 p?)
.AﬁL_L]

oty " 2Kddy (12)

X dp exp [-~—

where
GlblTi

2{4z%)

3a1116:T153°T s

A= 8¢ 472
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2 2
a1sab|T1T;§Z1z27>'t2 2b52T5) (13a)
0111b1371 ala3blrlb$_zr32

A= 8¢ 422 8(dz2’ (13b)
_ a12:6, 7T,

Az = 2422547 (13¢c)

and

2 3

{4p*) =bs:T, (13e)

It is noted that P(4z, 4p) describes the rela-
tive motion of the end atom Y to the central
atom X, the coordinate axes 4z and 4p being
fixed on the rotating plane defined by the
triangle Y—X—Y.

The Probability Distribution Function of the
Interatomic Distances rxy and ryy

The distribution function P(dz, 4p) given
by Eq. 12 is further transformed to a one-
dimensional distribution function in terms of
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Fig. 1.

the instantaneous displacement of the inter-

atomic distance drxy. In this case, the trans-

formation is not linear but it is given by
drxy=A4z+ 4p%/2re+ -+ , (br=r—re) (14)

to the first-order of approximation. The cal-
culation leads to the result

P(rxy) =W {1 +(A1 + A122{4p*)
+ ——--—2if<§2> )&'r + A, uér:‘{ exp (— i%)

(15)
where A’s are defined by Eq. 13’s.

It is seen that asymmetry is introduced into
the Gaussian function by linear and cubic
terms of ér. The P(r) function is important
in the study of electron diffraction by gaseous
molecules, because it is closely connected with
the molecular intensity curve and the radial
distribution curve obtained by the diffraction
study®. The empirical asymmetric parameters

Calculated values of the distribution function P(dz, dp).

determined by the analysis of the radial dis-
tribution curve will be related to the spectro-
scopic force constants through this equation.
It is accordingly expected that better interpreta-
tion of the radial function will be attainable
on the basis of intramolecular force field.
The distribution function for the Y—Y di-
stance is calculated more simply, because the
transformation is linear as shown below ;

dryy =4z, + 4z,=2b\q, (16)

The P(ryy) is therefore obtained from Eq. 6
through integration over ¢:a, q2» and gs, as

1
(2xar?))'2

<o (=3 )

P(’YY): {1+A'15r+A'1”3r3}

a7
with

3) K. Kuchitsu and L. S. Bartell, J. Chem. Phys., 35,
1945 (1961).
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. 1 1
A 1=2_b1(0‘1+012272+ 5 A133T3)

and
A,lllzalll/gbls

Numerical Examples: CO; and CS;

The probability distribution function P(4z,
4p) was numerically calculated for carbon
dioxide and for carbon disulfide, respectively.
The molecular constants used in the calcula-
tion are listed in Table I, together with the

TaBLE I. MOLECULAR CONSTANTS OF
CO; AND CS;
COy»> CS,b.e>
@y 1354.85cm™! 671.36 cm™!
Wy 673.00cm~! 398.62cm™!
w3 2396.49cm-! 1551.92¢cm 1
ay 0.00120cm ! 0.000156 cm !
a: —0.00072cm~! —0.000256 cm !
ay 0.00309 cm ™! 0.000711 cm~!
k|11 —45.07cm™! —14.90cm-!
koo 73.81cm-! 50.10cm™!
kiss —252.95¢cm-! —129.56 cm—!
A, 1.8 A1 1.2A-1
A 309 A-3 170 A-3
Ajze —114 A-3 —100 A-3

a) C.P. Courtoy, Ann. Soc. Sci. Bruxelles, 1
73, 5 (1959).

b) B. P. Stoicheff, Can. J. Phys., 36, 218 (1958).

c¢) A. H. Guenther, T. A. Wiggins and D. H.
Rank, J. Chem. Phys., 28, 682 (1958).

cubic potential constants k and the linear and
cubic coefficients A4 of P(4z, 4p) obtained.
The schematic diagrams of P(dz, 4p) are com-
puted with an arbitrary normalizing-factor and
arranged in rows so as to make correspondence
to the point specified by the coordinates (4z,
dp), as seen in Figs. 1a and 1b. The contour
lines are drawn on the diagrams, and the dis-
tribution maps thus obtained are shown in Fig.
2a for CO: and in Fig. 2b for CS., respectively.

These maps illustrate the relative motion of
the end atom Y to the central atom X. The
4z axis lies on the equilibrium molecular axis.
The point specified by 4z=0 and 4p=0 is the
equilibrium position of the Y atom. The
location of the atom X is far down out of the
figures in the negative direction, specified by
dz=—re, and 4p=0.

It is easily seen in the diagrams of P(4z, 4p)
that in the region of small 4p, the outer
region of 4z is more favorable, and the inner
region of 4z becomes more favorable as 4p
increases. This is caused by the negative con-

[Vol. 36, No. 4

4z

+01AT

=01A

Fig. 2a. COq
4z
+01AF
m.l;\ 024
00T "'“wi=I~ o r1 Tt dp
—01Af
Fig. 2b. CS;
Fig. 2. Contour map of the probability-distri-
bution.

shows the ridge
- -~ is the circular locus drawn by keeping
the X—Y distance constant

tribution of the coupling term between bending
and stretching, or A, to the distribution
function. This general tendency of the proba-
bility distribution corresponds to a classical
picture of the bending motion that the two
X—Y bonds are bent at the central atom and
the end atom Y moves along a circular locus
which is slightly shifted outwards by the
stretching anharmonicity.

It may be accordingly suggested that the
intramolecular potential can be described better
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and more simply in terms of internal coordi-
nates, i.e., the bond-stretching dr and the
bending angle dp, rather than in terms of
Cartesian coordinates. The force constants for
the expression of the potential energy in terms
of the internal coordinates are expected to
have more distinct physical significance and
therefore to be transferable among the chemical
bonds of the same kind. An extensive study
on the anharmonic force constants has been
carried out along this line, and it was found
that the most part of the constant k. comes
from the quadratic stretching force constants
through coordinate transformation®.

A more careful examination of the distri-
bution map reveals that according as dp in-
creases, the ridge in the map runs more and
more outwards than the circular locus which
is drawn by keeping the X—Y distance constant.
In other words, it is easier for a bond to
stretch when the bending motion takes place.
Such an interaction term as Lidrda® with a
negative value of L, is therefore expected
to improve the description of the intramolec-
ular potential field. As a matter of fact, the
predicted value of kj; was found to be in
complete agreement with the observed value
by introducing L;=-—0.5md./A for CO., in
addition to the main contribution from the
quadratic stretching constants ; while a smaller
value Ly=—0.1 md./A is necessary to get the
agreement for CS;*’, corresponding to the fact
that the extent of the outward shift is seen
to be more appreciable in the case of CO:
than CS,.

The authors wish to express their gratitude
to Professor Hidetoshi Takahashi and his
coworkers, in the Department of Physics, for
the use of PC-2 computer. They are indebted
to the Ministry of Education of Japan for the
research grant.

Department of Chemistry
Faculty of Science
The University of Tokyo
Hongo, Tokyo

Appendix I. Non-vanishing Coefficients of Eq. 4
(v=vy, vs, vsr) _(‘U' |H(_1)If?>_
v' E,;9—E,°
K 34172 1/2
n+1, vs, vsr 3 ]“IL(M) —(""..'h—)
@y 8 w2cw ]
<Erm.> _?l_j'i)lﬁ
hcawy 2

12
+2k155(6‘1+1 )J‘rkvs )
8

4) K. Kuchitsu, T. lijima and Y. Morino, International
Symposium on Molecular Structure and Spectroscopy,
Tokyo, Japan, 1962.
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+1 12
n+3, vs, vs ﬁ%.’-l.r (v1+1) (21+2) (01+3) ]
3; L 3
kiss th+1 )1,-"2
n+1, vs+2, ve _-—w]—{-st (_2
[(s+1) (vs+2)]1/2
X
2
12 _ .
n+1, v5—2, vy L( vi+1 ); [os (0s—1)]1/
w;— 2w 2 2

3k v 12
n—1, vs, vor ——wi”-(g*)
+ (L) Y 2_(__@;0;__)_(_ va_) b
m2cw ] hea 2

_s ks _vi_)‘f*’ _I_)
? @y ( 2 (vs+2

ki 01(91—1)(31—2) 12
n—3, vs, U5 301L I a— 1
_ ks i\
oty ock2, o ()
[(ws+1) (ws+2) 712
X
2
kiss y A2 (v (vs—1)]1/2
-1 _ B s (V1 P E S
n=1, =2, v wl—'-.—2w5( 2 ) 2

Appendix II. Calculation of the Summation
over Vibrational States

It is easily shown that the summations over vib-
rational states appearing in Eq. 5 can be reduced
to the products of some of the following summa-
tions :

Fo=>wy [?r,"ulg
Ewa( vt )112¢,+10¢UD

v+1)3 12
Fz=§%[%—! ¢H+IO¢'A7°

Fy=2wo[(v+1) (0+2)11/30.1.2%°

r+1) (v;z) (v+3) }lf:,,m%u

=2 |

where ¢,° is a non-perturbed wave function of a
harmonic oscillator with the vibrational quantum
number ».

As well known F; is given by%®,

F, j2|t h- ._lu r hh_ 2
=T an kT SXDL (tan ZkT)q]

(AII-1)
By the use of the recursion formula,

2 2 v O\
95'“0=( v+1 ) gg;,n_(-v+l~) Po-i®

F; is rewritten as,

5) F. Bloch, Z. Phys., 73, 295 (1932).
6) Series of Modern Physics; “ Statistical Mechanics ”,
Iwanami Co., Ltd., Tokyo (1955), p. 212.
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12
F1=q§w.¢s°¢»°—x>_;wv—1(%) R

=qFy,— 1 F,
where

Therefore we have,
1
F1= 1+ qFo (AII-Z)

Similarly,
A

X POy 102%0 +‘g'Fu— XFQ'-%XFl

2
Therefore,
F. u—l——(l G+gF —---I—IF) (AII-3)
T\ 290 T e A
where
G=§ W O¢,°
1 a
- e @")—[Fo'gxﬂ
v kT
1 2X
_y 5 4 £t o= -
{1_x2+“+z)2q}a (ATI-4)

Inserting Eqs. AII-2 and AII-4 into AII-3, we have,

1 1—-X+X2 X
F2=T:f["ffi:£srq+ﬁ:5??’]“
and
Fy=2¢F,—G —F, _{_. 1,2 z}F
= 1 0= T (l+Z)2q (]
1 1
F4="54F3—F2—‘2"F1

1 3 1
=Tz e R

Appendix III. The Effect of Fermi Resonance
on the Probability Distribution Function

In order to simplify the discussion, let us con-
sider a resonance between state I (v;=1, v:=0)
and state II (v,=0, v;=2), connected by a coupling
term hckys2q:1q9:%, and calculate the probability distri-
bution function P=w; |¢i[t+w:|¢ul?, both by an
ordinary first-order perturbation treatment and
more rigorously by solving the secular determinant.

As the result of the first-order treatment, we have
the perturbed wave functions as

@1=e010" — a0 — @za2:® — @ooPo0” — Aoe oz’
and

95'11 = ?5020— ﬂmsf)mo "014¢'14°‘ﬂ10¢'lu°
where

kg - 3kioz
== 2\/—2-&)1

[Vol. 36, No. 4
oo kiz G vV T kize
2TV 2 (@ +2w0) T T V2 (w4 2w0)
— & _____51.22__ .
TV P M= (w1 —209)
Gogme K122
T 2(wi—20)

These wave functions are expressed more simply as
P1=¢10 — agzo:”

and
d11= o —ay o1’

where ¢<© includes all terms except for the term
having a resonance denominator.

Accordingly we have,

w0 —wy? Ocfy.0
P=w"[¢hyoC |24 wo0 | Pt |2 —i—;‘—"*‘"—k 1226¢10°¢P02
-

2w
(AIII-1)
2h
wi®=exp (—h—:;,—’), w2°=exp(—"i¥—2)

On the other hand, in a rigorous treatment, we
consider the wave functions ¢; and ¢ to be ex-
pressed as

Pr=a¢ o+ b
gu=b¢1otP—age

by the linear combinations of ¢ and ¢ which
include contributions from non-resonant states as
defined above. The secular determinant is esta-
blished as*,

w;—E ki22/2
Kiz2/2 2w:—E
As a solution of the determinant, we have,

* This secular determinant is not correct for the case
of linear XY: type molecules, because the @2 normal
vibration is doubly degenerate. By denoting two degene-
rate modes as wza and w2:s, we have to diagonalyse the
energy matrix consisting of the elements among three
states, (v1=1, v2a=0, vp=0), (v1=0, v2a=2, v25=0) and
(v1=0, v2e4=0, v:p=2), where the perturbation term is

heki22q1(g2a? +q2p?).
The secular determinant is,
2u:—E, k122/2, 0
ki22/2, @1—E, kiz2/2 | =0
0 ki2:2/2, 2w:—E
Therefore we have,
Ey=a1+s
E;=2w;—2s
E;=2a:
where
. =%{—6+(6’+1k|u’)“’}
and
1
g1=agioo +b(—\?l'z- $ozo +_\/E qﬂonz)
1
¢2=b¢1nn—a(—”}§_¢en +—‘/-i' ¢0°:}
- 1
g3= V3 $ozo 2 Pooz
with

_ kiz22 V2
=Gk
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E] =an+e
En =20)2— £
where

£= %{—54— (6% +kp22) 2}

and
6=m;—2m2
_ ’Cmg b_ 25
T @tk 7T (A6t ki) Ve

The probability distribution function is rewritten
as

P=wi|¢1|2+wz|dn|?
= (w1a%+wab?) | 01000 |24 (w1 5%+ waa?) | oD |2
+2 (w1 —wz) abd gt
The term wia®+wsb® can be replaced by w,° since
wi=w,=w,® and a%4b%=1. Similarly we have

wib*+waa=wg?. In the third term, ¢, (PP can
be approximated by ¢1%e°. Thus we have

P=w,| 1o |2+ we? | P02 | 2+ 2 (wy — w2) abeh1%¢oe?
(AIII-2)
The zeroth-order term w,®| ¢16%2 |2+ ws®| s |2 is just
equal to the corresponding expression in Eq. AIII-1.

In the case of weak resonance, i.e., |6 ki,
we have

2 (wy —wg) abz== (w0 —wy0) kio2/d

which is equivalent to the resonance-term of Eq.
AlII-1.
In the case of strong degeneracy, i.e., |8] € ki,

hekyze ( hew,
Bl AN -

a

2(wy—we)ab=— kT

because,

419

2ab=1
and

W — e — 2hce exp [ hcml_)

WS T p( kT

where ¢=k22/2. On the other hand, the resonance
term of Eq. AIII-1 yields in the limit of §—0,

0 — a0
lim Wy Wa k122= _ }lcklga exp ( f!CdJl)

reralP kT kT

which is equal to Eq. AIII-3. This result seems
to make sure the validity of Eq. AIII-1 even in
the case of strong degeneracy.

The ratio of the resonance-term of Eq. AIII-1 to
that of Eq. AIII-2 is evaluated at several values of
d, in the case of kj22=50cm=-. As shown in Table
I, no appreciable discrepancy is found between the
numerical values of the two expressions throughout
the whole region of 8. Therefore, it seems most
likely that the probability distribution function ob-
tained in this article holds to a good approximation
even in the case of an accidental degeneracy,
although complicated manipulation of the summa-
tion over upper vibrational states have not been
performed in this supplementary note.

TABLE II. RATIO OF THE RESONANCE TERMS
CALCULATED BY THE TWO METHODS

d cm-! Ratio
5 1.00

10 0.97

20 0.98

50 0.98
100 0.98
150 1.01

250 0.99




